New asymptotic Anti-de Sitter solution with a timelike extra dimension
  in 5D relativity by Liu, Molin et al.
ar
X
iv
:1
70
5.
02
06
2v
1 
 [g
r-q
c] 
 5 
M
ay
 20
17
New asymptotic Anti-de Sitter solution with a timelike extra dimension in 5D
relativity
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In 5D relativity, the usual 4D cosmological constant is determined by the extra dimension. If
the extra dimension is spacelike, one can get a positive cosmological constant Λ and a 4D de Sitter
(dS) space. In this paper we present that, if the extra dimension is timelike oppositely, the negative
Λ will be emerged and the induced 4D space will be an asymptotic Anti-de Sitter (AdS). Under
the minimum assumption, we solve the Kaluza-Klein equation RAB = 0 in a canonical system and
obtain the AdS solution in a general case. The result shows that an AdS space is induced naturally
from a Kaluza-Klein manifold on a hypersurface (brane). The Lagrangian of test particle indicates
the equation of motion can be geodesics if the 4D metric is independent of extra dimension. The
causality is well respected because it is appropriately defined by a null higher dimensional interval.
In this 5D relativity, the holographic principle can be used safely because the brane is asymptotic
Euclidean AdS in the bulk. We also explore some possible holographic duality implications about
the field/operator correspondence and the two-points correlation functions.
PACS numbers: 04.50.Cd, 04.20.Jb, 04.50.Gh
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I. INTRODUCTION
The idea that the world may have more than 4 dimensions is due to Kaluza, who realized that 5D manifold can unify
Einstein’s theory of general relativity (GR) with Maxwell’s theory of electromagnetism [1]. Then Einstein endorsed
the idea, and a major impetus was provided by Klein, who connected it with quantum theory by considering a very
small extra dimension [2]. The 5D theory of Kaluza-Klein in a sense laid the foundation for the developments of
modern theories such as 11D supergravity and 10D superstrings. At present 5D relativity is expanded to two modern
versions: membrane theory and induced-matter theory (IMT) [3]. Both theories build the physics in a 5D manifold
by using a non-compactified extra dimension. In this paper we focus on the latter. In IMT the traditional gauge
symmetry and particle content appearing in the standard model (SM) are embedded in a 5D flat space [3–6]. There
are many works studying on it, including the classical tests in solar system [7, 8], the big bounce cosmology [9, 10],
the quasi-normal modes [11] and the thermodynamics [12, 13] of black hole, and so on. About the latest development
of the 5D relativity, please refer to recent review [3]. In a word, it cannot be ruled out through current observations.
Due to the fundamental rule of extra spatial dimension in string theory, the spacelike extra dimension is often
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2adopted in higher dimensional gravity. In brane world, the brane is embedded in a Lorentzian multidimensional
manifold by assuming a spacelike extra dimension [14–18]. However, there is no a priori reason why extra dimensions
must be spacelike. The timelike case can not be ruled out by the current observational constraints on the brane world
[19]. This type of higher dimensional gravity can present us different features because of the timelike behaviour.
For example, a natural cosmological bounce will appear and the FRW-type singularity is absent if the bulk’s extra
dimension is timelike [20]. The hierarchy problem can also be reconciled with a correct cosmological expansion
of the visible universe by extra timelike dimension in Randall-Sundrum brane [21]. The effective 4D cosmological
constant vanishes and avoids phenomenological difficulties from the matter instability by constructing one brane
configuration in 6D space, in which one extra dimension is spacelike and the other is timelike [22]. The generic closed
system of equations on a brane that describes its inner evolution is also obtained by considering the bulk spaces with
spacelike/timelike extra dimension, and with/without Z2 symmetry of reflection relative to the brane [23]. Hence,
the spacelike and timelike extra dimensions are both accepted in higher dimensional space.
On the other hand, it is believed that the natural ground state is related to Anti-de Sitter (AdS) space in su-
pergravity. AdS space thus gradually catches people’s attention with the development of supergravity and string
theories. In the classical thermodynamic system, the entropy is the characterization of the degree of freedom and its
value is proportional to the volume of system (3D). However, when viewing from gravity, the entropy of black hole
is proportional to the area of horizon (2D). This phenomenon indicates a 3D world to be the image of data stored
on a 2D projection like a holographic image. The degree of freedom of a gravitational system could be described by
that of a field in the boundary. t’ Hooft therefore proposed that gravity has the characterization of holography [24]
which is expanded subsequently by Susskind [25]. Maldacena conjectured that the t’ Hooft limit of 4D N = 4 super-
Yang-Mills at the conformal point is related to IIB strings [26]. Under the background of AdS5 × S5 the theory of
IIB string is equivalent to that of (3+1)D super-Yang-Mills with U(N) symmetric CFT living on the boundary. This
conjecture is called AdS/CFT duality, which is regarded as an important achievement of holographic principle and is
checked by many tests [27]. With the development of AdS/CFT duality [28–31], people find it could be generalized
to a more general situation: gauge/gravity duality, in which the theories of two sides need not to be supersymmetric.
The current consensus over holographic duality is that a (D + 1) gravitational theory possible is equivalent to a D
quantized field theory.
In the 5D relativity, the cosmological constant Λ is determined by the extra dimension [3–6]. The spacelike/timelike
extra dimension will offer us a positive/negative Λ. In the literatures, much of the works focused on the spacelike
case. However, people have recently found that the timelike extra dimension could be used to describe the de Broglie
waves in the Einstein vacuum [32] or in the medium of radiation [33]. The waves in vacuum or radiation, which are
compatible with 4D wave mechanics, are essentially 5D in nature because the classical 5D Klein-Gordon equations
are respected well [34]. As far as we know, the AdS solution of 5D relativity has not been studied [3]. If the timelike
extra dimension can give us a negative cosmological constant, we can get the 3D Lorentzian space with one negative
constant curvature. Motivated by these situations, we focus on the timelike extra dimension and try to build an AdS
solution in a general case.
This paper is organized as follows. In section II, we present a new AdS solution to Kaluza-Klein equation by using
a timelike extra dimension. In section III, we calculate the fundamental equations of motion by using the Lagrangian
method. In section IV, we present a toy holographic duality implication. Section V is conclusion. Following the
3notation of Wesson [5, 6], we absorb the constants c, G and h by a choice of units which renders their magnitude
unity. Meanwhile we label 5D quantities with upper-case Latin letters (A,B = 0, 1, 2, 3, 4) and 4D quantities with
lower case Greek letters (α, β = 0, 1, 2, 3). If there is a chance of confusion between the 4D part of a 5D quantity and
the 4D quantity as conventionally defined, we will use a hat to denote the former and the straight symbol to denote
the latter.
II. ANTI-DE SITTER SOLUTIONS AND NEGATIVE COSMOLOGICAL CONSTANT
In this section, we solve the 5D Einstein field equation RAB = 0, and try to build a new class of AdS solutions.
We first consider a smooth 5D space manifold which has an arbitrary metric tensor gAB satisfying the Kaluza-Klein
equations RAB = 0. The line element ds of 5D is invariant under the group of general coordinate transformations.
Then we adopt the canonical coordinates: gµ4 = 0 and g44 = 1 in this 5D manifold. In the literatures the canonical
coordinate system is extensively adopted [32, 35–38]. The metric takes the form (5)ds2 = gˆµν(x; l)dx
µdxν + dl2. It
is possible to define a metric tensor gµν(x; l) satisfying gˆµν = (l/L)
2gµν . Under the canonical coordinates system,
the 5D manifold preserves the extra dimension with a distinct geometry structure and its 4D components then can
be read directly from (5)ds2. Hence in a canonical coordinate system, we can initially write the 5D metric in the
following form as
ds2 =
l2
L2
gαβ(x
α, l)dxαdxβ + dl2, (1)
where the constant length L preserves physical dimensions. In this canonical coordinate system, the extra dimensional
coordinate lines are geodesics normal to the constant fifth dimensional hypersurfaces. Consequently, starting from a
suitable initial hypersurface of gˆµν(x; l), one can choose the extra dimensional coordinate lines to be the congruence
of geodesic lines normal to the initial hypersurface. Along each such line, the 5D interval corresponds to the canonical
extra dimensional coordinate. The geometric construction is thus straightforward built under the canonical coordinate
system, which could be described as the 5D analogue of the construction of the synchronous coordinate system in 4D
space [39].
After choosing a canonical extra dimensional coordinate, the corresponding coordinates of 4D part could still be
subjected to arbitrary transformations independent of extra dimension. One may recognize the 4D space part as
the AdS metric with a negative cosmological constant Λ = −3/L2 which means that the flat 5D space manifold
corresponds to the empty AdS space. It turns out that the 4D space of the 5D metric in canonical coordinates is
independent of extra dimension, the Kaluza-Klein equations reduce to the vacuum gravitational field equations with
a negative cosmological constant. To prove this fact, one can consider the metric in canonical coordinates shown by
Eq.(1) and the components of the 5D Ricci tensor can be written as
(5)Rµν =
(4)Rµν − Sµν , (2)
(5)Rµ5 = A
α
µ;α −
⋆
Γαµα, (3)
(5)R55 = −
⋆
Aαα −
2
l
Aαα −AαβAαβ , (4)
where the semicolon denotes the usual covariant differentiation in 4D and the star denotes the partial derivative with
4respect to extra dimension l, e.g.
⋆
Aαα = ∂A
α
α/∂l. Sµν is a symmetric tensor shown by
Sµν =
l2
L2
[
2AαµAνα −
⋆
Aµν −
(
4
l
+Aαα
)
Aµν
]
− 1
L2
(3 + lAαα) gµν , (5)
where Aαβ =
1
2
⋆
gαβ with
⋆
gαβ = ∂gαβ/∂l.
(4)Rµν and Γ
µ
νρ are the 4D Ricci tensor and the connection coefficients by
gαβ . The 4D part of Eq.(1) satisfies following Einstein equation,
(4)Rµν − 1
2
(4)Rgµν + Λgµν =
8πG
c4
Tµν . (6)
Therefore, the energy-momentum tensor is written as
Tµν =
c4
8πG
[
Sµν − 1
2
gµν(S − 2Λ)
]
. (7)
If the 4D metric gαβ is independent of extra dimension, we can have Aαβ = 0 which could ensure the off diagonal
(5)Rµ5 and the fifth diagonal
(5)R55 vanish. The 4D Ricci tensors satisfy
(4)Rµν = Sµν = −3gµν/L2. Then according
to the vacuum condition Tµν = 0, we can obtain a negative cosmological constant Λ = − 3L2 .
On the other hand, if we check the 4D Einstein tensor Gαβ expressed by
Gαβ =
1
2L2
[
l2
⋆⋆
g αβ − l2gλµ⋆gαλ⋆gβµ + 4l⋆gαβ +
l2
2
gµν
⋆
gµν
⋆
gαβ
]
− 1
2L2
[
6 + 2lgµν
⋆
gµν +
l2
4
⋆
g
µν ⋆
gµν +
l2
4
(
gµν
⋆
gµν
)2]
gαβ, (8)
we can find this equation could be just Gαβ = −3gαβ/L2 if the extra dimension is independent of l. It is also indicates
that the 4D Einstein’s equations reduced from 5D metric (1) has a negative constant Λ = −3/L2. Hence, an AdS4
is embedded naturally in 5D Ricci flat space. Viewing from the point of modern Kaluza-Klein theory, the negative
cosmological constant of gravity is a kind of artifact produced by reducting from 5D to 4D. Therefore, the AdS
Schwarzschild black hole of 5D relativity are given by,
ds2 =
l2
L2
[
f(r)dt2 − dr
2
f(r)
− r2(dx2 + dy2)
]
+ dl2, (9)
where the metric function is f(r) = r
2
L2 − Mr , the 4D cosmological constant is Λ = −3/L2. It should be noticed that
this kind of timelike extra dimension is widely used in 5D relativity and does not have the physical nature of a time
[3, 32–34]. After checked by computer the solution (9) is indeed the exact solution to Kaluza-Klein field equation
RAB = 0.
On the brane identified by the hypersurface of l = constant in the 5D bulk, one can immediately get a standard
planar 4D AdS Schwarzschild black hole shown by
ds2 = f(r)dt2 − dr
2
f(r)
− r2(dx2 + dy2), (10)
where the constant coefficient L2/l2 is absorbed into the 4D line element ds2. It agrees with the general case which
has been extensively studied in holographic principle to build an AdS/CFT superconductor [40, 41], in which the
opposite notations (−,+,+,+) are adopted in the metric. The horizon in Eq.(9) is rH = M1/3L2/3 obtained by the
null condition nµn
µ = 0. The Hawking temperature therefore is given by
T =
1
4π
∂f(r)
∂r
∣∣∣∣
rH
=
ML2 + 2r3H
4πL2r2H
=
3M1/3
4πL4/3
. (11)
5The heat capacity defined by C = ∂M∂T takes the positive value 1/4πr
2
H which ensures the thermodynamic stability.
Hence a Schwarzschild black hole could be in thermal equilibrium in the AdS space and the AdS plays the role of a
box. It also should be noted that the positive cosmological constant can be obtained by a spacelike extra dimension,
and the black hole solutions with cosmological constant are extensively studied in literatures [9, 10, 35, 37, 38] which
are completely different from above AdS solution (9) with a timelike extra dimension.
It is known that the usual 4D AdS space can be embedded in a higher 5D flat space with a timelike extra dimension.
This flat space is non-Euclidean and non-Minkowski because the sign of metric is (+,+,−,−,−) and the sign difference
is −1. These points are very like these of the solutions (1) or (9). Here, we can make this analogy and show the 4D
metric of AdS from the 5D Ricci flat space (9). About the detail explanations of usual 4D AdS space embedded in a
5D flat one, please see Ref.[42, 43].
By adopting the coordinate transformations: T = lLf
1/2(r)t, Z = lL
∫
dr
f(r) , X =
lr
Lx, Y =
lr
L y,W = l, the 5D Ricci
flat space (9) is rewritten as
ds2 = dT 2 − dZ2 − dX2 − dY 2 + dW 2, (12)
which is just the 5D flat manifold (R5, η˜ab) used to present the usual 4D AdS space in many textbooks such as [42, 43].
Following the traditional method, we can define a 4D hypersurface M4∗ by the following equation
T 2 +W 2 − Z2 −X2 − Y 2 = l20, (13)
where l0 is a positive real constant. Then if we use g
∗
ab to denote the induced metric on M
4∗ from η˜ab, we can get
the Riemann tensor Reabc satisfied Rabcd = 2Kg
∗
c[ag
∗
b]d where Rabcd = gdeR
e
abc and K = −l−20 . Hence, g∗ab is a constant
curvature metric and is the solution of vacuum Einstein equation with negative cosmological constant Λ = −3l−20 .
Specifying X , Y and Z by X1, Y1 and Z1 in Eq.(13) respectively, we can have a 2D round equation about (T,W )
shown by
T 2 +W 2 = l20 +X
2
1 + Y
2
1 + Z
2
1 > 0. (14)
Clearly, the intersection ofM4∗ and the above planar (T,W ) is S1, and therefore the topology of AdS space is R3×S1.
Furthermore, in order to more clearly present the 4D AdS metric, we adopt the spherical symmetry coordinate
system (t′, r′, θ, ϕ) on the 4D hypersurface M4∗,
T = (l20 + r
′2)1/2 sin(l−10 t
′), (15)
W = (l20 + r
′2)1/2 cos(l−10 t
′), (16)
X = r′ sin θ cosϕ, (17)
Y = r′ sin θ sinϕ, (18)
Z = r′ cos θ, (19)
where 0 < t′ < 2πl0, 0 < r
′ < ∞, 0 < θ < π, 0 < ϕ < 2π. It is easy to verify that Eqs.(15)-(19) satisfy the
hypersurface equation (13). Substituting the differential forms of Eqs.(15)-(19) into the metric (12), we can obtain
the known 4D AdS space as,
(ds∗)2 = −
(
1 +
r′2
l20
)
dt′2 +
(
1 +
r′2
l20
)−1
dr′2 + r′2(dθ2 + sin2 θdϕ2), (20)
6where the curvature of M4∗ is negative constant K = −l−20 . Except for the coordinate singularity, the full AdS space
(M4∗, g∗ab) will be covered by the coordinates (t
′, r′, θ, ϕ).
III. THE EQUATIONS OF MOTION
Next we need to check whether the motion of particle is geodesics in this new solution? In order to solve this problem,
we calculate the Lagrangian of test particle and try to get the fundamental geodesic equation. The coordinate in
Eq.(1) is constructed by taking a 4D hypersurface in the 5D manifold in which the lines normal to this hypersurface
serves as the extra coordinate. These lines are geodesics and proper length along them is the extra coordinate x4 = l.
This method of constructing a coordinate system is the 5D analog of how the synchronous coordinate system of general
relativity is set up in 4D [39]. It is certainly possible that this coordinate system breaks down if the coordinate lines in
the fifth dimension cross. To this regard, apart from the pathological situations, the coordinates are always admissible
within a finite interval along the fifth dimension. The equations of motion could be given by minimizing the distance
between two points in 5D through the variation δ[
∫
ds] = 0. The path in 5D is described by xα = xα(l) and l = l(λ)
with an affine parameter λ along the path. This relation can be rewritten as δ[
∫ L dλ] = 0 and the Lagrangian of
particle shown by
L ≡ ds
dλ
=
[
l2
L2
gαβ
dxα
dλ
dxβ
dλ
+
(
dl
dλ
)2]1/2
. (21)
Like the usual GR, the momenta are given by
Pα =
∂L
∂(dxα/dλ)
=
(
l2
L2
)
gαβu
β
ξ1/2
, (22)
Pl =
∂L
∂(dl/dλ)
=
ul
ξ1/2
, (23)
where uα = dxα/dλ and ul = dl/dλ are the velocities, and ξ ≡ L2 = (l2/L2)gαβuαuβ + (ul)2. Then according to
Euler equation, the equations of motion are given by
dPα
dλ
=
∂L
∂xα
,
dPl
dλ
=
⋆
L. (24)
By using above momenta (22) and (23), we can get the corresponding equations of motion,
d
dλ
(
gαβu
β
)
+
2
l
(
dl
dλ
)
gαβu
β − gαβuβ
(
1
2ξ
)
dξ
dλ
− 1
2
∂gβγ
∂xα
uβuγ = 0, (25)
d2l
dλ2
−
(
1
2ξ
)
dξ
dλ
dl
dλ
− l
L2
gαβu
αuβ − 1
2
(
l2
L2
)
⋆
gβγu
βuγ = 0. (26)
In order to keep the usual 4D conservation law about the velocity, namely gαβ
dxα
dλ
dxβ
dλ = 1, we can choose the affine
parameter as λ = s where ds2 = gαβdx
αdxβ is the just 4D part of 5D metric (9). Then the equations of motion (25)
and (26)are rewritten as new forms as follows,
duµ
ds
+ Γµβγu
βuγ = −gµα⋆gαβ
dl
ds
uβ +
(
1
2ξ
dξ
ds
− 2
l
dl
ds
)
uµ, (27)
d2l
ds2
−
(
1
2ξ
)
dξ
ds
dl
ds
=
l
L2
+
1
2
(
l2
L2
)
⋆
gβγu
βuγ , (28)
7where the 4D relationship gαβu
αuβ = 1 is used. It needs to be noticed that we consider the case that 4D gαβ
is generally dependent on the normal 4D coordinates (xµ) and the extra dimension l and we can have following
differential relation as
dgαβ
ds
=
∂gαβ
∂xµ
dxµ
ds
+
⋆
gαβ
dl
ds
. (29)
Here, Γµβγ is the usual 4D Christoffel symbol of the second kind shown by
Γµβγ =
1
2
gµα (gαβ,γ + gαγ,β − gβγ,α) . (30)
Then after eliminating parameter ξ by dξds = 2
(
l
L2 +
dl
ds
d2l
ds2
)
through former definition of ξ, Eq.(28) could be rewritten
as
d2l
ds2
− 1
l
(
dl
ds
)2
=
[
l2
L2
+
(
dl
ds
)2][
1
l
+
1
2
⋆
gβγu
βuγ
]
, (31)
which can help us to simplify Eq.(27) and obtain the final 4D equations of motion
d2xµ
ds2
+ Γµαβ
dxα
ds
dxβ
ds
= Fµ. (32)
Here, Fµ is the extra force experienced by a test particle per unit proper mass and is expressed by [36],
Fµ =
(
−gµα + 1
2
dxµ
ds
dxα
ds
)
dl
ds
dxβ
ds
⋆
gαβ . (33)
This kind of extra force with different forms will appear in many solutions in canonical system (see Refs.[5, 6]).
Comparing with the spacelike case, we can interestingly find the equations of motion in 4D have the same forms no
matter whether the extra dimension is spacelike or timelike. However, when comparing with spacelike case [38], the
geodesic equation of timelike extra dimension has a completely different form as
d2l
ds2
− 2
l
(
dl
ds
)2
− l
L2
=
1
2
[
l2
L2
+
(
dl
ds
)2]
dxα
ds
dxβ
ds
⋆
gαβ. (34)
Moreover, Eq.(34) can be solved completely and the extra dimension is chosen as
l = l0 sec
(
s− s0
L
)
, (35)
where we are restricting to the 5D null paths, and s/c is the proper time along the geodesic path of the particle.
Interestingly, this result is completely different from the case of spacelike extra dimension [35] in which the extra
dimension has the form of Hyperbolic functions, i.e. l = l0sech(
s−s0
L ). Obviously, the timelike extra dimension could
give us a different content when comparing with the case of spacelike extra dimension. In fact, this result can also be
justified by a transformation l → il, thereby Hyperbolic functions can be derived from trigonometric identity, namely
sechz = sec iz [44].
Meanwhile, the nonconservation relationship Fµu
µ 6= 0 arises in 5D metric with canonical coordinates. It is
distinctive because in usual 4D GR the timelike motions with known forces must obey equations of motion in the
form of Duµ/ds = Fµ with Fµu
µ = 0 which could be obtained by the condition of normalization involving the well-
informed 4D velocity uµuµ = 1. Conversely, the extra force (33) possible is non 4D in origin. To check this, we can
8decompose Fµ into the sum of a component Nµ normal to the 4-velocity of the particle and another component Pµ
parallel to it, which are shown by,
Fµ = Nµ + Pµ, (36)
Nµ = (−gµα + uµuα)uβ ⋆gαβ
dl
ds
, (37)
Pµ = −1
2
uµuαuβ
dl
ds
⋆
gαβ . (38)
It becomes very clear that the normal Nµ could be due to ordinary 4D forces since it obeys Nµuµ = 0 by construction.
However, the parallel component Pµ has no 4D analog because Pµuµ 6= 0 and Pµ = uµFαuα in general case. The
anomalous extra force is therefore a consequence of the existence of the extra dimension. Hence, the acceleration is
not orthogonal to the velocity of the particle because there is relationship gµνF
µdxν/ds 6= 0 and gµν depends on the
extra dimension l(s). However, if the metric is independent of l, we can have
⋆
gαβ = 0. The path of test particle
in 4D is a geodesic shown by formula (32) with Fµ = 0. Like the cases of spacelike extra dimension contained the
canonical 1-body solution [38] and the canonical inflationary solution [9], Pµ is along the positive direction defined
by uµ, which is also determined by the property of timelike extra dimension. This result is independent of whether
the extra dimension is spacelike or timelike.
Then we need to discuss the problem of causality. The extra dimension is used commonly to be spacelike, whereas
it is also can be timelike in many literatures in higher dimensional theories [4–6]. The timelike or spacelike extra
dimension does not cause any problem with causality [4]. The 5D line element (1) can be rewritten as (5)ds2 =
l2
L2 ds
2 + dl2 where ds2 is the 4D line element. Hence, the causality is logically defined by the 5D null paths given by
(5)ds2 = 0 [6, 32–34]. The conventional 4D paths for the photon and massive particle can be given by 4D interval
or proper time by ds2 ≥ 0. When the extra dimension l is timelike, Λ < 0 and the null geodesics are oscillatory.
Therefore, (5)ds2 = 0 defines the 5D causality. This aspect of the situation is compatible with the condition (4)ds2 = 0
for causality as defined in 5D.
In the last, The 4D field equations derived here reduce to Gαβ = Λgαβ only if the metric is independent of the extra
dimension l. Thus the induced cosmological constant Λ comes from the extra dimension l in this 5D Ricci flat space.
In the last, we need to show the particle geodesics reduce to known solutions when the higher dimensional space is
Minkowski. If the 5D space is Minkowski, the sign of metric is (+,−,−,−,−) and the sign difference is −3. The extra
dimension could be changed from timelike one to spacelike one by a transformation l −→ il. Hence the 5D space (1)
with spacelike extra dimension will reduce to Minkowski when the metric gαβ is independent of l and reduces to a
usual 4D Minkowski metric ηαβ . In this way, the Lagrangian (21) of particle will reduce to a simple form as
L ≡ ds
dλ
=
[
ηαβ
dxα
dλ
dxβ
dλ
− dl
dλ
dl
dλ
]1/2
=
[
ηAB
dxA
dλ
dxB
dλ
]1/2
, (39)
where ηAB is the 5D Minkowski metric, i.e. ηAB = diagonal (+1, −1, −1, −1, −1). Then in this way, the geodesics
equations (27) and (28) can well be merged into the usual 5D Minkowski case as,
d2xA
ds2
+ ΓABC
dxB
ds
dxC
ds
= 0, (40)
where the ΓABC is defined by usual 5D Minkowski metric ηAB. So we can say that if the extra dimension is spacelike,
the particle geodesics reduce to the known solutions when the higher dimensional space is Minkowski.
9IV. A TOY MODEL OF HOLOGRAPHIC DUALITY IN 5D RELATIVITY
In this section, we will check its Euclidean version and study its boundary field defined by the gravity in the bulk
(see Fig.1). Although there are various boundary observations that need to be considered, we focus on the simple
two-points correlation functions as being a toy implication. The operators dual to scalars and two-points correlation
functions of scalar operators are performed in the standard route.
Considering the brane of the 5D relativity solution (9) is asymptotic AdS. The extra dimension does not have the
physical nature of a time [32], we thus may possibly use the holographic principle on these surfaces. According to
the 5D space (9), we can find the parts of (t, r, x, y) dependents the extra dimension, i.e. l2/L2. Therefore the
holographic principle need to consider the full 5D picture. But because the 5D space is Ricci flat and the AdS is
induced on the 4D hypersurface M4∗, the right correspondence should be between 4D AdS and 3D CFT. In another
words, in this model an AdS4/CFT3 exists on the 4D hypersurfaceM
4∗ which is embedded in the 5D Ricci flat space
with a non-compactification or compactification extra dimension l. Based on the analysis about the induced 4D AdS
metric g∗αβ in section II, we can know that the AdS4/CFT3 adopted here is different from the usual AdS5/CFT4.
The correspondence of AdS4/CFT3 is illustrated in Fig.1.
×     R
1
l
AdS4
AdS4 /CFT3
FIG. 1: The AdS4/CFT3 on the 4D hypersurface M
4∗ in the 5D Ricci flat space with a non-compactification extra dimension
l. Here, the hypersurface equation is T 2 +W 2 − Z2 −X2 − Y 2 = −3/Λ. The induced metric g∗αβ of the hypersurface M
4∗ is
defined by Eq.(20) in the coordinate system (t, r, θ, ϕ).
A. field/operator corresponding
We first calculate the scalar field near the Breitenlohner-Freedman boundary. After adopting a coordinate trans-
formation u = 1/r, the Euclidean version of metric (9) reduces to
ds2 =
l2
L2u2
[
dt2
L2
+ L2du2 +
(
dx2 + dy2
)]
+ dl2, (41)
where the limit f(u)→ 1/L2u2 is used.
Before the formal calculation, it is necessary to explain a situation of that the AdS part of 5D metric (41) contains
the extra dimensional term, i.e. a coupling factor l2/L2 before the parts of (t, u, x, y). Therefore, we can not only
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simple consider the 4D part insider the brackets. Meanwhile, through the Fig.1 we also can find the extra dimension
lives the whole space including AdS4 and CFT3. So as a conservative consideration, we proceed from the original 5D
spaces (41) to calculate 4D quantum field at the boundary of AdS4. The 3D CFT used to implement AdS4/CFT3
is actually included in the 4D quantum field at the boundary of AdS4. The real duality is the AdS4/CFT3, not the
AdS5/CFT4
1.
Under above gravitational background a scalar field ψ is considered to exist in this bulk and ψ0 is adopted as the
restriction of ψ to the boundary of AdS. We assume the bulk field ψ is coupled to an operator Oψ by
∫
S4
ψ0Oψ on
the boundary ψ0. Then we consider the scalar field on this background, the action of the scalar can thus be given by
Sψ =
1
2
∫
d5x
√
g
(
gAB∂A∂Bψ +m
2ψ2
)
, (42)
where m is the scalar mass. In order to analyse the boundary field, we use a Fourier expansion ψ = φ(u, kµ)eikµx
µ
with kµ = (−ω,~k). If we consider the rotational symmetry along the spatial direction, we can get k1 = k and ki = 0
when i 6= 1. Hence, the linearized field equation for φ is shown by
1√
g
∂u (
√
gguu∂u)φ− gttω2φ− gxxk2φ−m2φ = 0, (43)
which can be solved with fixed boundary condition at boundary ψ0. Submitting the metric (41) into above motion
equation, one can get a solvable form of equation about φ as
u2
∂2φ
∂u2
− 2u∂φ
∂u
− [m2l2 + (L2k2 + L4ω2)u2]φ = 0. (44)
Obviously, the extra dimension l effects the boundary field through the coupling to the mass of scalar field. Then we
restrain the field near the boundary u = 0, and therefore the term of u2 inside the square brackets of Eq.(44) can be
ignored safely. Meanwhile, we use a transformation u = eθ and rewrite Eq.(44) in the following form
d2φ
dθ2
− 3dφ
dθ
−m2l2φ = 0. (45)
We note that the motion equation (45) is completely different from the usual AdS case [26, 28, 29], since the timelike
extra dimension is introduced here. There are some non-trivial information, not simply adding a dimension in space.
So it is necessary to discuss the dimension of operators of boundary field corresponding to scalar field by using the
above formulas. The characteristic equation is given by
∆ (∆− 3) = m2l2, (46)
where ∆ are the dimensions of Oφ duals to scalar field φ. The roots of Eq.(46) are given by
∆± =
3±√9 + 4m2l2
2
. (47)
It shows us an interesting phenomenon that the mass of field coupling with the extra dimension appeared in the
dimensions of operator.
1 Please note that there is no AdS5 in metric (1) because the 5D space is Ricci flat.
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Then we check the Breitenlohner-Freedman boundary condition of φ. In order to conveniently analyse the stabiliza-
tion of AdS boundary vacuum, we define a stable extra dimension lBF satisfying Breitenlohner-Freedman boundary
condition m2BF l
2
BF = −9/4. We find when m2l2 > m2BF l2BF , the vacuum of boundary AdS is stable. If the roots of
the characteristic equation (46) are not equal with each other, we can have ∆+ 6= ∆−, thus
φ = A(x)u∆+ +B(x)u∆− , (48)
where ∆± could be real or complex numbers. For the complex numbers case, we have
∆± =
3
2
± i
√
−
(
9
4
+m2l2
)
≡ ∆1 ± i∆2, (49)
where the behaviors of the scalar field is
φ = u∆1
[
A(x)ui∆2 +B(x)u−i∆2
]
, (50)
with the condition of m2l2 < −9/4. Because it is oscillatory solution with enveloping line u∆1 , the vacuum of
boundary AdS with this kind solution is unstable. If m2l2 = m2BF l
2
BF , it corresponds to the degenerate states with
∆+ = ∆− = 3/2. The solutions are given by
φ(u, x) = [A(x) +B(x) ln u]u∆. (51)
After obtaining the Breitenlohner-Freedman boundary, we can give the field/operator correspondence for this scalar
field. If ∆+ and ∆− are both real and they are not equal with each other, the boundary field can be derived by the
second term in Eq.(48), in which the coefficient B(x) is the source of the operator O. Thereby, a nonzero B(x) leads
directly to a interaction term in the Lagrange of boundary field δSboundary =
∫
d4xB(x)O(x). The coefficient A(x)
of the first term in Eq.(48) could be treated as the expected value of O shown by
< O(x) >=
√
9 + 4m2l2A(x). (52)
The regular solutions for B(x) = 0 and A(x) 6= 0 mean that operatorO spontaneously generates a expected value with-
out source. In the momentum space, the correlation function is written as GR(ω, k) =
√
9 + 4m2l2A(ω, k)/B(ω, k). If
we invoke the incoming-wave boundary condition of Minkowski space correlators [31], we can get the retarded Green’s
functions. Different boundary conditions could give us different quantization schemes. The condition of B(x) = 0
corresponds to the standard quantization and A(x) = 0 to an alternative quantization. The solution u∆+ is the
normalizable mode and u∆− is non-normalizable mode. According to the requirements of unitarity, the dimensions
should satisfy the condition ∆ > (d − 2)/2 [30]. Hence, if m2l2 > −5/4, ∆− will not satisfy the above condition
which will allow only one boundary condition of B = 0. However, for the case −9/4 < m2l2 < −5/4, both condition
B = 0 and A = 0 are allowed. If we add the Dirichlet or Neumann conditions to boundary, we can obtain two kind
quantization schemes. For the alternative quantization, we can exchange A and B in Eq.(48). So A(x) corresponds
to the source and B(x) to the expected value, and ∆− is the conformal dimension of operator O.
Then one may ask whether a finite temperature field theory exists in this AdS gravity? We will find after using
a scaling about t and u, i.e. t → t/L and u → Lu, a form of being asymptotic to AdS at the boundary could be
obtained via a rotational transformation l2 = e2iz/u,
ds2⋆ =
l2
u2
[
F(u)dt2 − du
2
F(u) − dx
2 − dy2 − dz2
]
, (53)
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where F(u) = 1 − u3/u30 with horizon u30 = 1/ML2. Hence, when u → 0, F(u) → 1, the boundary field indeed
corresponds to the finite temperature and finite chemical potential case in which the metric satisfies the scaling
invariance. Near the boundary we use a Wick rotation about (u, x, y, z), metric (53) reduces to a familiar Euclidean
version of AdS,
ds2 =
l2
u2
(
du2 + d~x2
)
. (54)
In the end of this subsection, we will make a connection with already established results for AdS and check whether
our results match that of the usual case. In order to facilitate the comparison with the usual AdS case, we rewrite
the metric (41) in the form of
ds2 =
1
u2
[
l2
L4
dt2 + l2du2 +
l2
L2
(
dx2 + dy2
)2
+ u2dl2
]
. (55)
Then comparing with the known Euclidean version of usual AdSd+1 space shown by
ds2 =
1
u2
[
dT 2 + du2 +
d−1∑
i=1
(
dxi
)2]
, (56)
one can find extra dimension l appears in all dimensions. For a given hypersurface of l = constant, metric (55) will
reduce to the usual case with d = 3 in (56) when we adopt a certain coordinate transformations. According to the
results of known AdS case in Refs.[45, 46], the scalar field Φ in the Euclidean version of the AdS background metric
(56), which can be looked as the analogy of φ in our calculation, has the following form
u2
∂2Φ
∂u2
− (d− 1)u∂Φ
∂u
− [m2 + (k2 + ω2)u2]Φ = 0. (57)
Comparing Eq.(44) and Eq.(57), we can find φ matches Φ with d = 3 on the hypersurface l = constant when the
extra dimension is absorbed into particles’ mass and momentum through m2l2 → m2, L2k2 → k2 and L4ω2 → ω2.
Furthermore, near the boundary, Eqs.(44) and (57) all induce to the same equation as Eq.(45) with above scaling
m2l2 → m2. So we can say that if the extra dimension is constant in 5D, the boundary field near u = 0 in Eq.(44)
will well match the usual 4D AdS case [45, 46].
B. two-points correlation functions
In this subsection, we consider a free scalar field with mass m propagating in it, in which a massless scalar is dual to
a marginal operator. It should be noticed that the operator here based on the duality of AdS4/CFT3. However, like
the former subsection the AdS part in metric (41) contains the extra dimensional factor l2/L2, therefore we should
consider the operator in the whole 4D field near the boundary of AdS4 (see Fig.1). The extra dimension lives in the
whole space, the dimensions of the field should be the (3 + 1) D field by adding one extra dimension.
Then we can build the boundary to bulk propagator G(u, x; 0, x′) which gives the bulk field configuration φ(u, x)
for smooth boundary φ(0, x),
φ(u, x) =
∫
d4x′G(u, x; 0, x′)φ(0, x), (58)
where G is the retarded Green’s function. In the Fourier space k = (ω,k), the φ(u, x) has following form
φ˜(u, k) = G˜(u, k)φ˜(0, k), (59)
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where G˜(u, k) is the Fourier space’s solution to the mode equation of Eq.(43) as following
∂2G˜
∂u2
− 2
u
∂G˜
∂u
−
[
m2l2
u2
+ k2
]
G˜ = 0, (60)
where after using the scaling k → k/L and ω → ω/L2, we can write L2k2 + L4ω2 → k2 in momentum space. The
boundary conditions are G˜(u, k)|u→0 = 1 and G˜(u, k)|u→∞ = finite. If we adopt a transformation w(z) = u−3/2G˜(u)
with z = ku and set a new parameter, i.e. ν2 = 9/4+ l2m2, one can find the mode equation (60) reduces to a modified
Bessel equation as followings,
z2
∂2w
∂z2
+ z
∂w
∂z
− (z2 + ν2)w = 0, (61)
where the solutions are the modified Bessel functions I±ν(z) andKν(z), which are all regular functions throughout the
z-plane cutting alone the negative real axis. So the solutions to Eq.(60) are G˜ = u3/2I±ν(ku) and G˜ = u
3/2Kν(ku).
Like the standard notation, the conformal weight of the operator O is shown by ∆ = 3/2 + ν. The second solution
is selected by the requirement of regularity in the interior. I±ν(ku) increases exponentially as u → ∞ and does not
lead to a finite action configuration. Hence, the solution regular at u =∞ and equal one at u = ǫ is given by
G˜(u, k) =
u3/2Kν(ku)
ǫ3/2Kν(kǫ)
. (62)
Then by standard integration by parts, we can obtain the on-shell bulk action determined by the boundary field,
S =
∫
d4kd4k′
(2π)8
(2π)4δ4(k + k′)φ0(k)φ0(k
′)
l2G˜(k′)∂uG˜(k)
u2L4
∣∣∣∣
∞
ǫ
=
∫
d4kd4k′
(2π)8
φ0(k)φ0(k
′)F(u, k, k′)
∣∣∣∣
∞
ǫ
, (63)
where the flux factor F is given by
F(u, k, k′) = G˜(u, k′)√gguu∂uG˜(u, k). (64)
It only receives the contribution from the cutoff at u = ǫ because the propagator vanishes at large u. Hence dif-
ferentiating S[φ] with respect to φ0(k
′) and φ0(k), one can obtain two-points function for the operator O dual to
φ,
< O(k′)O(k) >= Z−1 δ
2Z[φ0]
δφ0(k)δφ0(k′)
∣∣∣∣
φ0=0
= −2F(z, k, k′)
∣∣∣∣
ǫ
, (65)
where Z[φ] is the partition function defined in Ref. [28, 31]. Then if we substitute Eq.(63) into the flux factor F , one
can obtain the two-points function in a form of series as
< Oˆ(k′)Oˆ(k) >= − l
2(2π)4
L4
24−2∆ǫ2(∆−3)δ4(k + k′)k2∆−3
Γ(52 −∆)
Γ(∆− 32 )
+ · · · , (66)
where the leading analytic terms in (ǫk)2 and the higher order terms in (ǫk)2 are not listed. For the massless case,
i.e. ∆ = 3, we can have
< Oˆ(k′)Oˆ(k) >= l
2(2π)4
L4
δ4(k + k′)k3. (67)
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At the last, we will compare our results with the usual Minkowski space in Euclidean version [31]. We can find
three main points are different as followings. Firstly, the mode equation is different. The mode equation of usual
Minkowski case given in Ref.[31] is written as the following form
∂2G˜
∂u2
− 3
u
∂G˜
∂u
−
[
m2R2
u2
+ k2
]
G˜ = 0, (68)
where R is the curvature. Comparing Eqs.(68) and (60), we can find just the first order differential term and particle
mass term are different. Because the scalar field equation (43) is determined by the space (41). The 5D used here
is Ricci flat and the curvature of 4D induced AdS metric is determined by extra dimension l. The mode equation of
field (60) drives us to get the results about two-points correlation functions that are different from usual Minkowski
case.
Secondly, the orders ν in the boundary field is different. Although the mode equations (68) and (60) of boundary
field can be reduced into the same type of a modified Bessel equation, the orders ν have different magnitudes, i.e.
ν2 = 9/4 + l2m2 for this Ricci flat case and ν2 = 4 +m2R2 for Minkowski case.
Thirdly, the conformal weight ∆ of the operator O is different, namely ∆ = ν +3/2 for our case and ∆ = ν +2 for
the Minkowski case. It clearly shows that the timelike extra dimension can effect the two-points correlation functions
both in massless and massive fields when comparing with the normal Minkowski space [31]. The reason of these
differences is that the 5D space is Ricci flat and the hypersurface M4∗ is the induced 4D AdS space. Because the 4D
part is dependent on the extra dimension, the correspondence between AdS4 and CFT3 must be considered in the
full 5D picture, which is illustrated in Fig.1.
V. CONCLUSION
In this paper, a general AdS solution of 5D relativity is presented by solving the Kaluza-Klein equation RAB = 0.
The timelike extra dimension gives us a 4D negative cosmological constant and a 4D Lorentzian negative constant
curvature space. These results are different from the spacelike case. The later offers us the dS solution with a 4D
positive cosmology constant [3–6]. We summarize what have achieved and make some further comments.
With the development of gravity, the AdS space has drawn more and more attention. It is believed that through a
certain duality the AdS is connected with some quantum fields. The latter could be used to explain many phenomeno-
logical physics in the strongly coupled system. However, there is no work related to AdS solution in the 5D relativity
[3]. With the minimal hypothesis, we find the AdS solution and the negative cosmological constant are naturally ob-
tained if the extra dimension is timelike. Meanwhile, we calculate the motion equation of a test particle and find the
4D motion could be geodesics if
⋆
gαβ = 0. The solution of the part of extra dimension (35) is trigonometric function,
which is unlike the Hyperbolic functions in positive cosmological constant [35]. Our calculations also indicate that
the 5D relativity give the same form of the extra force Fµ no matter in dS case [4–6] or in AdS case. The parallel
part pµ in Fµ will not disappear unless the metric satisfies the condition of
⋆
gαβ = 0.
In the AdS solution obtained here, one can find if the extra dimension is timelike, as opposed to be spacelike, the
holographic principle can be used on the brane. Both choices of whether extra dimension is timelike or spacelike
are allowed because the timelike extra dimension does not have the physical nature of a time [32]. After a simple
implication of holographic duality, we obtain the field/operator corresponding. Comparing with the case of higher
15
dimensional nonzero cosmological constant shown by Witten [28], we will find the mass of field coupling with the extra
dimension appeared in the dimensions of operator. If m2l2 > −5/4, the boundary condition of B = 0 is accepted
for the unitarity of scalar field. But if −9/4 < m2l2 < −5/4, the conditions B = 0 and A = 0 are allowed. So
after adding the Dirichlet or Neumann conditions to boundary, one can get two quantization schemes. Meanwhile, we
also compute the retarded Green’s functions by the prescription of flux factor F : GR(k) = −2F(k, z)∣∣
zB
[31]. The
two-points correlation functions are shown in Eq.(66) for massive scalar, and in Eq.(67) for massless case. It indicates
the timelike extra dimension can effect the transport property of linear response theory in the region on the boundary.
Finally, we need to clarify the holographic duality used here, and two points need us to pay attention. (i) Because
the 5D relativity is Ricci flat, there is no 5D AdS5 solution to the Kaluza-Klein equations RAB = 0. The usual 4D
negative cosmological constant Λ is induced from the extra dimension, and the AdS4 thus lives on the hypersurface
M4∗. (ii) There is a coupling factor, i.e. l2/L2 which comes from the extra dimension, before the part of 4D AdS in
Eq.(41). Therefore, the method of directly cutting the AdS part from higher dimensional space can not available for
the 5D Ricci flat canonical system. Based on the points (i) and (ii), in order to implicate the the holographic duality
we adopt a conservative scheme in the way of that the internal key duality is still AdS4/CFT3 when considering
the point (i), but the holographic duality should be calculated in the whole 5D space when considering the point
(ii). So, we should add the extra dimension l into the field near the boundary of AdS4. The dimension of the field
consists of the 3 D from AdS4/CFT3 and the 1 D from the extra dimension. In the calculations, we all start from the
5D space (41), and obtain the field/operator corresponding near the boundary of AdS4 in the subsection IVA and
the two-points correlation functions in subsection IVB. The boundary to bulk propagator G(u, x; 0, x′) give us the
nonsingular bulk field configuration φ(u, x) for any smooth boundary value φ(0, x) near the boundary of AdS4 (see
Fig.(1)). The mode equation (61) of Green’s function G is derived from the boundary field theory in subsection IVA.
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